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Abstract We propose an alternative notion of asymptotic behaviors for the study of type-
2 computational complexity. Since the classical asymptotic nofiana(l but
finitely many is not acceptable in type-2 context, we alter the notion of “small
sets” from “finiteness” to topological “compactness” for type-2 complexity the-
ory. A natural reference for type-2 computations is the standard Baire topology.
However, we point out some serious drawbacks of this and introduce an alterna-
tive topology for describing compact sets. Following our notion explicit type-2
complexity classes can be defined in terms of resource bounds. We show that
such complexity classes are recursively representable; namely, every complex-
ity class has a programming system. We also prove type-2 analogs of Rabin’s
Theorem, Recursive Relatedness Theorem, and Gap Theorem to provide evi-
dence that our notion of type-2 asymptotic is workable. We speculate that our
investigation will give rise to a possible approach in examining the complexity
structure at type-2 along the line of the classical complexity theory.
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1. Introduction

A key notion involved in defining the complexity of a problem is the use of “finite-
ness”. We say that, functiofiis asymptotically bounded hyif and only if for all but
finitely manyx € N such thatf(z) < g(z). Namely,

f<'g <= 3FzgeNVzeNz>z= f(z) <g(z). (1)

*A full version with detailed proofs of the theorems in this paper is available at
http://hal.lamar.edu/~1licc/T2Asy/Full_T2AsyTCS2004.pdf
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Based on the notion above, Hartmanis and Stearns [8] gave the very first precise defi-
nition for explicit complexity classes in the following form:

C(t) = {pe | P <*t}, )

wheret is a computable function an;), . is anacceptable programming system
[18] with acomplexity measurgp;), .\ associated to it [2]. The use ef* can also be
found elsewhere, e.g., the asymptotic notatigns({, O) in algorithm analysis. The
most important consequence of using asymptotic notations, in our opinion, is not only
that we can significantly simplify our notations, but that it is an indispensable tool in
the theoretical study of computational complexity. Almost all nontrivial complexity
theorems at the center of classical complexity theory such as the Speedup Theorem [2,
24], the Union Theorem [13], the Gap Theorem [3, 5, 24], the Compression Theorem
[2], the Honesty Theorem [13], and so on (see [20] for more), are all proven by a
mathematical technique callgdiority method The method argues that the required
properties (behaviors) of a required program will be fulfilled eventually in the process
of its construction. In other words, we allow some finitely many violations. Likewise,
therecursive relatedness theordg] is also proven based on the notion of asymptotic
behaviors, which is the foundation for lifting different complexity measures into a
certain degree of abstraction such as the two machine independent axioms proposed
by Blum [2]. It is worth to note that the asymptotic notation is not arbitrary. Instead,
it is justified by a fact that any program can be patched on some finitely many inputs
by using a finite table to avoid expensive computations on those particular inputs.
Thus, theoretically, we can usé and <* in (2) alternatively without changing the
underlying complexity structure of computable functibns

When we shift our attention to higher ordered computation (in particular, type-2
computation), which in many cases seems to be a better computing model for many
contemporary computing problems, we soon realize that there is no general complex-
ity theory to unify results from different approaches. A primary reason is that we do
not have a reasonable notion of higher ordered asymptotic behaviors as the one in-
volved in (2). The direct use of “for all but finitely many” in type-2 computation is not
acceptable, because we cannot patch a type-2 program on a function input in general.
Consequently, many techniques used in the proofs of classical complexity theorems
are not applicable in type-2 context. Therefore, the present paper is intended to pro-
vide a robust notion of type-2 asymptotic behaviors so that the classical complexity
theory can be advanced into type-2. Since any machine model for computation be-
yond type-2 seems inconceivable by intuitions, we thus focus on type-2 computation
which can be intuitively modelled by the antiquity — Oracle Turing Machine (see [7]
for conventions).
Notations: A type-0 object is simply a natural number. A type-1 object is a function
over natural numbers. A type-2 object idumctionalthat takes and produces type-1
objects. By convention, we consider type=Qype-1C type-2. We are only interested

1in fact, this is an overstatement. Here we overlook the honesty propettwhbich is a necessary condition
for the statement. Nevertheless, the honesty condition is rather weak for most reasonable resource bounds.
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in total functionsN — N, when they are taken as inputs of functionals. For conve-
nience, we usé to denote the set of total functions afrdo denote the set of partial
functions. Note that functions i or P may not be computable. Also, we u$éeto
denote the set dinite functions, which means < F if and only ifdom(c) C N and
card(c) € N. We fix a canonical indexing faf, and hence we are free to treat any
function inF as a number so it can be taken as the input of a type-1 function. Unless
stated otherwise, we let b, z,y, z range ovelN, f, g, h range over/, andF, G, H
range over type-2 functionals. Here we consider some examples of type-2 function-
als: F(f,x) = f(x); G(f,2) = f(f(2)); H(f, ) = S0 f()i T(f) = fof,
whereo is function composition. Clearly, G, andH are type-2 functionals of type
7 x N — N, andT is a type-2 functional of typ& — 7. With A-abstraction, we
haveT'(f) = \xG(f,x). Since some complexity properties at type-2 can be easily
proven by the same tricks used in the original proofs, we therefore keep a type-0 in-
put in order to take this advantage. We also note that 7 x N via, for example,
f = (f, f(0)),wheref’'(z) = f(z + 1). Thus, we do not lose generality when we
restrict type-2 functionals to our standard typex N — N.

Although the type-1 input itself is an infinite object in general, we observe that only
a finite part of it is needed for any terminating computation. This is a trivial application
of the following theorem due to Uspenskii [23] and Nerode [14]functional F' is
continuous if and only if" is compact and monoton€ompactness and monotonicity
are defined as follows.

DEFINITION 1 LetF : (N — N) x N = N. We say that:
(i) Fis compact if and only if

V(f,z) € (N—=N)xN3o € F [F(f,z) = F(o,x)].
(i) Fismonotone if and only if
V(o,2) € F xN [F(o,2) | = V7 2 o(F(r,z) | = F(0,2))].

Compactness and monotonicity are the key properties of computable functionals in
defining our topologies for the concerned computation. We take Oracle Turing Ma-
chines (OTM here after) as our formal type-2 computing device, where the oracle is
extended from a set-oracle to a function-oracle. Thus, dynaputable functionaive

mean a functional that can be computed by some OTM, where the type-1 input will be
prepared as an oracle attached to the machine. Clearly, every computable functional
is continuous [18]. As for classical Turing Machines, we can fix a programming sys-
tem (), .\ associated with a complexity measyre),  (say, the number of steps
performed) for OTM’s. Blum’s two axioms can be used directly without any modi-
fication. However, having Blum'’s axioms for type-2 complexity measures does not
mean a general complexity theory immediately follows. A workable notion of type-
2 asymptotic behaviors indeed is the missing part of the current type-2 complexity
theory.

2. An Outlook of Present Complexity Theory at Type-2

Cook and Kapron definedecond-order polynomial®] in order to characterize
the set of type-2 Basic Feasible Functionals (BFF here after) [6]. Their framework
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requires a rather artificial function called tlength function which is served as the
type-2 analog ofz|, where|z| is the length of the bit string representimg= N. For
f € T, the length function of is defined by

|fl = n.max({¢ : ¢=|f(z) and|z| < n}).

Thus,| f|(n) is the maximum length of the values fon input with length< n. BFF,

to some degree, is seen as the type-2 analdg) bfside BFF, how conceivable is the

use of second-order polynomials together with the length functions? We present an
easy example to show that some results may drift away from our intuition. Consider

F(f,z)= omax{y(2'*), s -1),.... (2! —(lz[=1))},
. 2 if 2 =0andf2lh=0; (3
(f,z) = omin{f2'*h),r2*1-1),...r 2" =(lz[-1)}  otherwise.

Let & and ¢ denote their cost functions (e.g., numbers of steps performed). We
observe that the major cost of computing the two functionals is querying the oracle.
For each query;, at leastO(|q| + |f(q)|) steps are needed (for placing the query
and reading the answer). Thus, ttrax and min functions above neefl:| many
queries and each query neéd|x| + |f(2!*)]) steps. In terms of length functions,
both functionals are bounded B)(|x| x (|| + | f|(]z])), and hence by a second-order
polynomialp defined ap(¢, ) = c(2® + x - £(z)), wherec € N. However, we also
observe that, unless= f(2/*l) = 0, we haved(f, z) < ®x(f,z). In other words,

in most casesve havedq(f,z) < ®(f,x), but we have difficulty to describe this
situation in terms of second-order polynomials and length functions. What should be
a formal and satisfactory notion of “most cases”? How do we formalize the concept of
“most cases” so that we can forgive a “few” “affordable” exceptional cases? On what
ground we can justify our intuition th& is easier tharf'?

For a general type-2 complexity theory to begin with, arguably, we need to have a
robust notion of type-2 complexity classes along the line of Hartmanis and Stearns’
definition as shown in (2). Here we consider Kapron and Cook’s setting again as
their work currently seems to be the most suitable framework for the study of type-2
complexity classes in terms of explicit bourfdé. type-2 complexity class determined
by a second-order polynomiglcan be formulated as follows,

Cp) = {. | V(f.2) € T x N [&o(f.2) < p(f], )]} @

In [21] Seth also suggested a type-2 complexity class similar to (4) whexas
extended to any type-2 computable functional. Seth speculated that some classical
complexity results such as the Gap theorem and the Union theorem may be proven.
However, we are skeptical about this because we notice that there is no notion of
asymptotic behaviors involved in (4) and, as we mentioned earlier, the original proofs

2Another line for the study of higher-order complexity theoryirigplicit Computational Complexifyno
explicit resource bounds are used to name higher-order complexity classes.
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of the two theorems rely opriority argumentsin which some violations need to be
tolerated. In fact, we suspect that it is impossible to prove any nontrivial complexity
theorems without such tolerance.

An immediate idea is to keep the same notion<éfand implant it in (4) directly.
However, this is problematic, because there is no corresponding Church-Turing thesis
at type-2. In other words, there is no effective way to patch a program on finitely many
type-1 inputs (because some of them may not be computable).

Another way to get around the problem is to consider only “seen computation”.
As a matter of fact, all terminating computations are finite and countable. Based on
this observation, in early 70’s Symes [22] presented an axiomatic approach for type-2
complexity theory. The axiomatic system was modified from Blum’s. Symes required
a computation (represented by a computation tree) of the concerned type-2 functionals
to be explicitly provided as an input. The machine will be shut down if the provided
computation is not consistent with the “actual” computation of the machine. In his
proofs, <* was used as the context: “for all but finitely many computations”. This
seems to be a reasonable setup in a sense that, for every computable type-2 functionals
F andG, we considerF' almost-everywhere less than (i.e., F <* G) if there are
only finitely many computations df andG resulting inF' > G. However, the setup is
too remote for practice. No one can provide a computation tree before the computation
begins. All we can do is to enumerate all possible computations only for theoretical
investigation.

In the following section we introduce a new idea to define a workable type-2
almost-everywhere relationss. As “compact” used in topology to some extent is
considered as a surrogate for “finite” and “small” and “computable”, our investigation
begins with a study on the close relation between topology and type-2 computation.

3. Topologies and Type-2 Computation

Notations:. Let N be the discrete topology oN. The spaceT is called Baire
space. The Baire topology [1, 15, 18] is denotedIlhyn which a basic open set is
the set of all total extensions of some finite function. Tex N denote the product
topology of T andN. GivenF,G : 7 x N — N, we useX[r< € 7 x N to denote
the set{(f,z)|F(f,z) < G(f,z)}. Similarly, X|p_x7, X{p>¢) Will be used in the
same way. A type-2 functiondl’ is said to be computable if there is an OTM with
index e that computed” (i.e., F = ¢.). ForF,G : T x N — N, a straightforward
analog of<* would be:

“For all but finitely many(f, z), F(f,z) < G(f,x)” (5)

However, as we pointed out earlier, (5) is too restrictive, because in general there is
no terminating computation that can recognize finitely mgfiy:)'s. Thus, if we are
interested in computable functionals, a better notiod'of* G would be something

like: “For all but finitely many computations df andG, the result ofF' is less than or
equal to the result of7” This in fact is Symes’ idea. We put the subscrigtih <}

to reflect the type of its operands. We will use “computation” to mean “terminating
computation” for the time being. A computation of a computable functional is simply
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a branch with finite length of its computation tree. We first state two naive objectives
for anidealtype-2 almost-everywhere relation to achieve.

Goal 1: OTM’s for F andG, respectively, such that, there are only finitely many
computations of the two OTM’s resulting in values such that G.

Goal 2: The type-2 relatior<; should beransitive

In type-1, the two objectives are rather trivial. Nevertheless, the first one assures that
we can patch a program, and the second one assures that we do not lose any functions
from a complexity class by increasing the resource bound. For the obvious reason,
we want to preserve the two properties at type-2. Unfortunately, the two properties
conflict; they hurt each other. In the end, we give up transitivity, which does not
seem too essential to our primary purpose: a workable notion of type-2 asymptotic
behaviors for proving theorems. The following standard theorem hints a possible way
to formalize *<%”.

THEOREM 2 Let g, be total and letS ¢ 7 x N. If S is compact inT x N, then
there are only finitely many computationsgfon S. g

Thus, it seems reasonable to formalize our notion as folldws:; G if and only if
there is a sei such thatX is (T x N)-compact and for al{f,z) € (7 x N — X)
we haveF(f,z) < G(f,x). We restate this in the following definition.

DEFINITION 3 LetF,G : T x N = N. F < G if and only if X|p<¢ is co-
compact inT x N.

We change the superscript tdto reflect the conclusion we will discuss in a moment
that this definition is too strong for our purposes. Nevertheless, the following theorem
shows that relatior<; meets our Goal 2.

THEOREM 4 Relation<j is transitive over type-2 continuous functionals. [

A standard property of Baire topology says thatSifs compact, then the image of
any continuous functional ofi is also compact. Also, every compact sehirs finite.
We have the following corollary.

COROLLARY 5 If F andG are continuous and” <j G, then there exists € N
such that, for everyf,z) € T x N, F(f,z) < G(f,z) + c. U

Thus, if F g; G, then adding some constant valu¢o GG allows us to bound”
everywhere. If we consider as some sort of resource bound, we speculate that a
constant otinear speedup theoremay be proven. In other words, we can patch the
program forF' to remove the extra constant cestComparing to (1), the similarity
betweenf <* g andF <J G can be easily seen:

F<;G <+ 3foeT3r0eNVfeTVzeN
[(f > fo) V(x> m0) = F(f,z) <G(f 2)]

This suggests that Definition 3 might be a right choice. Howewgr, has a fatal
problem that discourages us to move any further. We showhdn fact is an empty
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notion and any possible definition for type-2 asymptotic behaviors based; ouill
not give any flexibility.

THEOREM 6 Let F,G : 7 x N — N be continuous.F <5 G if and only if
X[F>G] = @

Sketch of Proof: The proof is an application of the Uspenskii-Nerode theorem that
every continuous functional must sempacf15]. Thus, if X|r~ ) is not empty, it
must be(T x N)-open. But the only set ifif x N that is both open and compact is the
empty set. Therefore, Kz ¢ is not empty, it can’t be compact ifi x N. (]

To fix this problem, we need a topology that can provide enough compact sets for
describing “small” sets. In other words, a coarser topology is needed.

4. Type-2 Almost-Everywhere Relations

In this section we define a class of topologies determined by the functionals in-
volved in the relations. These topologies are induced from the Baire topology. On the
one hand, the induced topology must be coarse enough so that the compact sets are
not necessarily trivial. On the other hand, the induced topology must be fine enough
so that we can differentiate two computations in terms of their type-1 inputs. Also, the
formalization of the almost-everywhere relation should catch the intuitive idea stated
in previous sections. Unfortunately, the two goals proposed in Section 3 are difficult
to achieve at the same time. In the end, we give up transitivity in order to have a work-
able notion of type-2 asymptotic behaviors. IFtf, z) |= y denote the case that
is defined on( f, x) and its value ig;.

DEFINITION 7 LetF : 7 x N — Nand(o,z) € F x N. We say thatc, z) is a
locking fragment of F' if and only if

ElyGNVfGT[aCf:sF(f,x)l:y}.

If (o,2) is a locking fragment of" and, for everyr C o, (7,z) is not a locking
fragment ofF’, then(o, x) is said to be aninimal locking fragment of F'.

Clearly, if F' is total and computable, then for evey, =) € 7 x N, there must
exist a uniquer € F with o C f such tha{o, z) is a minimal locking fragment of .
It is also clear that, ifo, ) is @ minimal locking fragment of" cannot be effectively
decided. For convenience, we uge)) to denote the set of total extensions for any
o€ Fie, (o) ={f €T | ocC f}. Weextend this notation t§o,z) =
{(f,z) | f € (o)} Foreachs,z) € F x N, we take((s, z)) as a basic open set of
T x N. We observe that, for evepy,, 00 € F andxy, z2 € N,

(0 if 21 # 29
(o1, 21) N (02, 22)) = { (1) N (02)] x {1} if xi :x;

Note that((c1)) N (02)) = (01 U 02)) if o1 ando, are consistent; otherwisgg)) N
((02)) = 0. The union operatiof{cy, z1)) U (02, 2)) is conventional and an arbitrary
union may result in an open set that is not basic. Givenfagye 7 anda € N, if

f # g, then there exist, 7, andk such thato C f,7 C g, k € dom(o) N dom(r),
ando (k) # 7(k). Namely,T x N is a Hausdorff (%) topology on7 x N.
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4.1 The Induced TopologyT' (F}y, Fz,...,Fy)on7T x N

In stead of taking ever{{c, x)) as a basic open set (this will form the Baire topol-
ogy), we consider only those that are related to the concerned functionals. We intro-
duce a class of relative topologies determined by some patrticipated functionals.

DEFINITION 8 Given a finite number of continuous functionalg,, ..., F,,, let

T(F4,..., F,) denote the topology determined By, ..., F,, as follows. For each
(f,a) € T x N, let (0;,a) be the minimal locking fragment df; on (f,a). Take
(0,a) = (o1,a) N (o2,a) N---N (on,a)) as a basic open set OF (Fy, ..., Fy,).

Note that, in the definition above, we hawe= |J,.;.,, 0:- Thus, if (o,a)) is a

basic open set df (Fy, Fs, ..., F,), then(o,a) must be a locking fragment to each

of I\, F5,..., and F,,. However, given any two functionalg;; and F5, the topolo-
giesT(F;) andT(F) are determined by different basic open sets, and hence the two
topologies do not share the same set of compact sets. This in fact is the inherited
difficulty of having a transitive relation.

4.2 Type-2 Almost-Everywhere Relation<?

Now, we are in a position to define our type-2 almost-everywhere relation.
DEFINITION 9 LetFy, F, : 7 x N — N be continuous. Define
Fy <5 F, ifand only if Xz, <5, is co-compact inT ().

The complement oKXz, < ] IS X[r, > - We call setX |, - i) theexceptional sevf
Fy <} F».

THEOREM 10 There are two computable functional§, F» : 7 x N — N such
that, F; <3 F, and, for any two OTM’s that computé$ and F5, respectively, there
are infinitely many computations resulting iy > F5.

Sketch of Proof: We simply observe that, given any two computable functiotigls
and I, F> may not be continuous in topology( /1 ). Thus, X, ~ ) being compact
in T(F1) does not mear, (X|r, - r,]) Must be compact it (F). Also, X(r,~ g,
may not be compact ifi (F3), and hence: (X[x, - r,)) is not necessarily compact in
T(Fy).

Thus, Goal 1 fail$, but the statement of Goal 1 may be too strong in the context
of type-2 computation if the real purpose behind is to patch programs. We have the
following theorem to support our definition.

3 We could have defined Definition 9 & <3 F if and only if X, < Fy iS CO-cOmpact i (£, F2). In

such a way we will have a finer topology so that every involved functional is also continud{#'in F>).

It follows that we can have a result opposite to Theorem 10. However, the break of Goal 1 due to the
infinitely many computations aof is acceptable, sincE> mostly serves as a mathematical bound and its
computation is not interested at all. Besides, the topolb@y, F2) is still not fine enough to bring back
transitivity to our type-2 almost everywhere relation. Therefore, we do not find any particular advantage of
usingT(Fy, F») as our reference topology for the compactnesX gf, 5 1.
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THEOREM 11 Supposéry, Fy : 7 x N — N are computable. I1#;, <} F5, then
there is an OTM forF; such that, there are only finitely many computations of the
OTM OnX[F1>F2]. O

We omit the proof, which is obvious from the definition €f. If I} in the above
theorem is the cost function of some OTM, we can patch the machine so that the
complexity of the patched machine is boundedHyeverywhere.

THEOREM 12 The relation<} is not transitive.

Proof: The idea is that the relatiorfs <; F» andF, <; F3 hold based on two unre-
lated topologiesT'(#1) andT(Fz), respectively. ThusX g, ) may not be compact
in T(Fy). Consequently, the sé{|r, - i}, Which is a subset oKp, ~ ,) U X(p,> 1y
may not be compact ifi' (). Consider the following example.

Fi(f,z) = { f(1)mod 2 if f(0) =0andz =0,

0 otherwise.
B 9 if £(0)=0andx =0,
By(f,x) = { 1 otherwise.

Fy(f.z) = { f(1)ymod 3 if £(0) =0andz =0,

2 otherwise.

Itis clear thatX |z, - r,) = (), and hence; <5 F». Also, we have

Xim>r) = {(£,0) | £(0) =0andf(1) <1}.

Since the only basic open setBff) that containsX |z, - ) is (o, 0)) with 0(0) = 0
anddom(c) = {0}, itfollow that X, . ] is compactirill'(F3 ), and hencé’, < F3.
We observe’, and F3 to have

Xipsry = {(£,0) | £(0) =0andf(1) = 3 + 6k with k € N}.

For eachi € N, defines; asdom(o;) = {0,1} ando;(0) = 0,0;(1) = 4. Thus, for
everyi € N, ((0;,0)) is a basic open set af( F;). Let

O ={((on,0)) | n =3+ 6k with k € N}.

Clearly, O is an open cover foX g, - i) Without finite subcover. ThusY g, > r,) is
not compact irll'( ;). Therefore Fy €5 Fj U

5. Applications in Type-2 Complexity Theory

__ Recall the two functional¢” and G’ defined in (3). We simply compa@F and
<I>G Assume|0\ = 1 under some coding convention. Thagll = 2if 2 = 0. Let
= {((f,0) \ f(2) = 0}. We observe that}([@G>§F] C S. SinceS is compact in
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T(@G)“, it follows that X BB, is also compact iﬁ[‘(ff)G). Thereforeff)G < &)F,
which indeed reflects our Intuitive understanding about the complexity afid 7.

In the following, we provide some serious applications of our type-2 asymptotic
behaviors. We show that the set of type-2 computable functionals asymptotically
bounded by a given computable type-2 functional is recursively enumerable. In other
words, every type-2 complexity class has a programming system. Also, we prove
a few complexity theorems at type-2 to show that the techniques used in classical
complexity theory now can be transferred under the notion of our type-2 asymptotic
behaviors.

5.1 Type-2 Complexity Classes

In [12, 11] we define a special class of type-1 computable functions of &y/pe
N — N called Type-2 Time BoundsUnder some propeslocking schemewe give
a type-2 complexity clas€(3) determined by Type-2 Time Bound Since each
Type-2 Time Bounds also determines Bmit functional F3, we can understand the
complexity classC(3) by the following formula .

FeCB) = Je @e:FAcﬁeggFg] (6)

Note that, for every-programe, T(p.) = ’JI‘(@E). Since the way we clock an OTM

not only depends on the result 8% but also on the course of computidg, we do

not have the converse of (6) in general. The complexity &IHgH is very sensitive to

the clocking scheme and the conventions made for our OTM'’s. We may want to get rid
of the specific knowledge of the clocking scheme in defining complexity classes. In
the following, we give a more direct way in defining a type-2 complexity class, where

the computable type-2 functional simply serves as the resource bound.

DEFINITION 13 LetT : 7 x N — N be computable. Define
C(T):{Fy Je [@e:F A B, <} T”

Here we point out a fact with detailed explanation omitted that the notioB§Df and
C(p) are not equivalent. Nevertheless, we speculate that the type-2 almost everywhere
relation involved in Definition 13 will let us directly modify the proofs given in [11]
for type-2 Speedup Theorem, Gap Theorem, Union Theorem, Compression Theorem,
and so on.

An analog big-O notation for type-2 algorithms can be directly given as follows:

DEFINITION 14 LetT : 7 x N — N be computable. Define

O(T)={F|3ceN [F <5 T}.

“Note that the topologV(@G) is determined by the locking fragments of the functio@abut not by the

actual queries made during the course of the computation of a maching (8wme unnecessary queries

may be made). However, an optimal program should not make unnecessary queries just as an ordinary
optimal type-1 program that should not go into some unnecessary loop.
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We do not know yet if there is a computable functiofiasuch thalC(F') = O(T) in
general. A positive result to this question requires a Union Theorem.

At type-1, itis easy to show that tHimite invariantclosure of a complexity class is
recursively enumerablg]. However, not every complexity class itself can be recur-
sively enumerated. When the resource botisdvery small (namely, verglishonest
the complexity class determined bys unlikely to be recursively enumerable [3, 10].
On the other hand, if is big enough to bound afinite supportfunction$ almost
everywhere, then the complexity class determined isyrecursively enumerable. In
particular, if¢ is nontrivial, i.e.,t(z) > |z| 4+ 1 for all z € N, then all finite support
functions are contained in the complexity class determined(bge [4], Section 9.4).
The intuitive reason behind this is that, if the bounallows to compute every finite
support function almost everywhere, then we can patch a program at finitely many
places with cost bounded bByalmost everywhere. In such a way, we can exactly enu-
merate the complexity class determinedtbyAt type-2, we have the same situation.
To recursively enumerat@(T'), we need a notion of non-triviality fdr.

DEFINITION 15 LetT : 7 x N — N be computableT is said to be nontrivial if
and only if there is a constant € N such that, for every minimal locking fragment
(r,z) of T, we have that, it f,z) € (7,x)) ando C 7, thenT'(f,x) > c(|o| + |z|).

Note that, the constanmtin Definition 15 depends on OTM'’s conventions. Although
we may not be interested in finding out whateally is, we can’t drop this constant
until a linear speedup theorem is formally proven. Intuitively, a nontrivial computable
resource bound’ allows an OTM to check whether or ngf, ) is in ((, z)) at com-
putational cost bounded l4 as long ag, z) is a fixed minimal locking fragment of

T'. This property serves the same purpose of non-triviality of classical type-1 resource
bounds. We obtain the following theorem.

THEOREM 16 LetT : 7 x N — N be computable and nontrivial. Then, the
complexity clas€(T) is recursively enumerable.

Sketch of Proof: Recall that every € F is represented by a unique canonical index.
Let o~0 € 7 denote the zero extension of ¢ F. Thatis,c™%(z) = o(z) when
x € dom(o); o~%(x) = 0 otherwise. Let-,-) : N x N — N be a standard pairing
function. Together with the canonical indexing &f we have(s,z) € N for every
o € Fandx € N.

LetT : 7 x N — N be computable and nontrivial. Unlike the proof for its type-1
counterpart, we are not going to enumerate all finite invarian®(@).° Instead, we
directly argue that there is a recursive functipsuch that,

C(T) = {@g(e,u,b) | €, a, b» S N}

With a properS-m-n theorenon type-0 argumentswe can construct a recursive
g : N x N x N — N such that, for every,a,b € Nand(f,z) € T x N,

5A function f is finite support if the value of is 0 almost everywhere.
6In fact, we haven't had a precise definition of finite invariant for type-2 functionals.
“Obviously, we do not have &é-m-n theorerfor OTMs on type-1 arguments.
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a[®.(0™0,y) < T(0™0,y) + ]
(r,2) [vnCola<(ny))

= ©c(0™,y) < T (™% y)],
where(r, x) is a locking fragment of" on ( f, x);

Y)
)

<
y) <

a,
a,
@g(e,a,b) (f7 {E) =

0 otherwise.
(7
Next, we shall argue: (i) If” € C(T'), there exist, a,b € N such thatF’ = $ ¢ 4 1)
(ii) For everye,a,b € N, we havep, . ..,) € C(T'). Due to the space constrains, we
omit the detailed argument. O

5.2 Type-2 Complexity Theorems — Rabin’s, Recursive
Relatedness, and Gap Theorems

Here we demonstrate the type-2 analogs of three interesting complexity theorems
in classical complexity theory: Rabin’s theorem [17], recursive relatedness theorem
[2], and Gap theorem [3]. Our purpose is to show that our type-2 asymptotic approach
is a reasonable one that can lead to a full scale investigation of type-2 complexity
theory. Due to the space constraints, detailed proofs are removed.

A technique using diagonalization together with a priority argument witimjupy
is also known as cancellation argument [16], by which Rabin proved that, for any re-
cursive functior, there is a recursive 0-1 valued functigrsuch thatf ¢ DTIME(¢).

We modify Rabin’s proof and obtain an analogous type-2 result as follows. The proof
is also given in the full version of this paper.

THEOREM 17 (TYPE-2 RABIN’S THEOREM) For any computabld” : 7 x
N — N, there is a 0-1 valued computah#é: 7 x N — N such that?" ¢ C(T).

As we mentioned earlier, recursive relatedness is a bridge for complexity theorems
between different complexity measures [2]. A type-2 analog will be also essential if
we want to further abstract away from a particular model of type-2 computation. We
thus formulate a type-2 Recursive Relatedness Theorem in the following. We omit the
proof since it can be obtained from the original proof with some minor modification.

THEOREM 18 (TYPE-2 RECURSIVE RELATEDNESS THEOREM) For any
two complexity measures for OTM@), . and(¥), _\;, there is a computable func-
tional R : 7 x N x N — N such that, for every € N,

®; <3 AF,2 R(F,z,V;(F,z)) and ¥; <} A\F,z-R(F,z,®;(F,z)). O

The operation of an effective operator of tyRex N — N is indeed a special case
of type-2 computations where the type-1 input is restricte® {@ecursive functions).
However, the Operator Gap Theorem [5, 24] does not imply that we can directly obtain
a gap theorem at type-2. In fact, we prove that if we allow the gap factor to be a type-
2 computable functional (not just an operator), we can uniformly construct a type-2
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computable functional that can inflate every type-2 complexity class [11]. For sim-
plicity, here we restrict the gap factor to recursive functions. We obtain the following
result.

THEOREM 19 (TyPE-2 GAP THEOREM) For any increasing recursive func-
tiong : N — N, there is a computable function@l such thatC(T) = C(go T).

Sketch of Proof: To proof this theorem, we first accept a convention that the OTM
has to scan (read) every bit of the oracle answer at least once; otherwise an opposite
theorem can be proven [11]. In other words, the cost of a query is at least the length
of the answer. This model is calledhswer-Length-Cost Mod¢19]. We use the
following computable predicaté(f, z, k), to determine the value @ (f, x).

P(f,z,k) = Every computation of,, pa,...,», on (f,z) is either: {)
making a oracle query outsid®, 1, ..., x} or (i) halts ink
steps or does not halt (k) steps;

In the the predicatejq) essentially comes from the idea of the original proof. Ejr (
we observe that, under our conventioriff, ) converges on a segmentC f with
dom(s) C {0,1,...,2}, then so doeg(T'(f,z)) and no OTMe that queries beyond
dom(c) can haved, <3 go T O

6. Conclusion

As a matter of fact, a general type-2 complexity theory is still an unclear territory.
Many applications of type-2 (or higher) computations (e.g., machine learning, interac-
tive computing, real computation, and the theory of programming languages) use their
own approaches to address their complexity issues. It is usually difficult to apply one
approach that is developed for one particular application to another application. We
believe that a workable notion of asymptotic behaviors of type-2 algorithms is the first
step in the search of a standard framework for the study of type-2 complexity. And we
hope that our notion of3 can provide such a step towards a general theory of type-2
complexity.
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